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Abstract. We give necessary and sufficient conditions for a Lagrangian sub- 
Q_^ ' manifold of a Kahler manifold to be biharmonic (cf . Theorem 12,21 1 . Further- 

Ch , more, we classify biharmonic PNMC Lagrangian submanifolds in the complex 

» I i space forms (cf. Theorem 14,81 1. 
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Introduction 

ON ■ Theory of harmonic maps has been applied into various fields in differential 

geometry. The harmonic maps between two Riemannian manifolds are critical 
maps of the energy functional E{(j>) = \ J M \\d(j>\\ 2 Vg, for smooth maps (j> : M — > N, 
whose Euler-Lagrange equation is the tension field t(</>) of <fi vanishes. 

On the other hand, in 1983, J. Eells and L. Lemaire [12] proposed the problem to 

rS^ \ consider the polyharmonic maps of order k: they are critical maps of the functional 



o 



(N 



X 



E k (<t>)= / e k (<t>)v g , (fc = l,2,---), 

JM 

where ek{4>) — ^\\(d + 5) k <fi\\ 2 for smooth maps <f> : M —> N, where S is the codiffer- 
entiation. G.Y. Jiang [14] studied the first and second variational formulas of the 
bi-energy E-i (k — 2) which is written as 

(N ■ . 

g : &(<(>) = / hww, (o.i) 

and critical maps of E^ are called biharmonic maps. There have been extensive 
studies on biharmonic maps. Harmonic maps are always biharmonic maps by defi- 
nition. Thus, one of our center problem is to find non-harmonic biharmonic maps. 

Recently, T. Sasahara classified [15] 2-dimensional biharmonic Lagrangian sub- 
manifolds in the 2-dimensional complex space forms. 

In this paper, we first show the biharmonic equations for a Lagrangian sub- 
manifold M m of a Kahler manifold (N m , J, (•, •)) of complex m dimension (cf. 
jj] , Theorem 12. 2[) . Next, we give necessary and sufficient conditions for biharmonic 

Lagrangian submanifolds in complex space forms (cf. Proposition I3.1[) . Finally, 
we classify biharmonic Lagrangian ii-umbilical submanifolds of the complex space 
form (7V m (4e), J, (•, •)) which has parallel normalized mean curvature vector field 
(say briefly, PNMC) (cf. [T], [5]) (cf. Definition S3] Theorem^. 

In ffl] we introduce notation and fundamental formulas of the tension field. In <J21 
we consider biharmonic Lagrangian submanifolds in Kahler manifolds and give nec- 
essary and sufficient conditions. In the complex space form, we give necessary and 
sufficient conditions in <j3] In <j4] we classify all the biharmonic PNMC Lagrangian 
_ff-umbilical submanifolds in complex space forms. 
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1. Preliminaries 

In this section, we give the necessary notation on biharmonic maps for later use. 

Let (M,g) be an m dimensional compact Riemannian manifold, (N, (•, •)) an n 
dimensional one, and <f> : M — > N, a smooth map. We use the following notation. 
The second fundamental form of is a covariant differentiation \Jd<j) of 1-form d(j>, 
which is a section of Q 2 T*M ® (j)~ 1 TN. For every vector fields X,Y e X(M) on 
M, 

(V#)(X,Y) =(Vx#)(F) = Vx#(F) - d^(V x Y) 

=^% { x)d^{Y) - d^VxY). 

Here, V, V", V, V are the connections on the bundles TM, TN, (j)^ 1 TN and T*M® 
4>^ 1 TN, respectively. 

If M is compact, we consider critical maps of the energy functional 

E{4>) = I e(cp)v g , 

J M 

where e(<p) = ^\\d<j)\\ 2 — h X)i=i(^<K e 'i)j ^( e »)) is the energy density of </>, {ei}"L 1 
is a locally defined orthonormal frame field on (M, g), and the inner product (•, •) is 
a Riemannian metric of N. We also denote that (•,•) is an induced metric (/>*{■, •). 
The tension field r(</>) of <j) is defined by 

m m 

t(4>) = ]T(v#)( ei ,eO = ^(V ei #)( ei ). 

Then, <j> is a harmonic map if and only if r(0) = 0. 

As for the bi-energy E2, G. Y. Jiang [T3j showed the first and second variational 
formula. cf> is called biharmonic maps if bitension field T2(</>) vanishes, that is, 

TO 

r 2 (0) = Ar(0) - ^(r(0),#( ei ))#(ei) = 0, 

8=1 

where i? w is the curvature tensor field 

R N (U, V) = V^V£ - « - V^ y]l (17, V G X(A)), 

A = V V = — X)feLi(^e fc V efc — Vy c e fc ) the rough Laplacian, and V, the induced 
connection on the induced bundle (j)~ 1 TN. 
The Gauss formula is given by 

V%Y = d<t>(VxY)+B(X,Y), X,YeX(M), (1.1) 

where V , V is the Levi-Civita connection on N and M respectively, and B, the 
second fundamental form. The Wcingarten formula is given by 

V^£ = -^X + V x £, X £ X(M), £ G r^Af- 1 ), (1.2) 

where A^ is the shape operator for a normal vector field (onM and V 1 - stands for 
the normal connection of the normal bundle on M in JV. It is well known that B 
and A are related by 

(B(X,Y),0 = (A i X,Y). (1.3) 
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The curvature tensor R N on N satisfies Gauss Codazzi equation: 

R N (X, Y)Z = R(X, Y)Z + A B(X>Z) Y - A B(Y>Z) X 

+ (V X B)(Y,Z)-(V Y B)(X,Z), 

where V B is given by 

(V X B)(Y, Z) = V X (B(Y, Z)) - B(V X Y, Z) - B(Y, V X Z). 

If (j> : (M, g) — > (N, h) is a biharmonic isometric immersion, then M is called 
a biharmonic submanifold. In this case, the tension field is obtained as follows: 
t{<j>) = to H, where H is the harmonic mean curvature vector along <j>. Thus, the 
bitension field T2(</>) given as: 

T2O) = 777 J A H - JT R N (U, d0(ei))d0(ei) 1 . (1.5) 

Therefore, <j> is biharmonic if and only if 

1 n 
AH-^i? Ar (H,#(e i ))#(e,) = 0. (1.6) 

8=1 



2. Necessary and sufficient conditions for biharmonic Lagrangian 
submanifolds in kahler manifolds 

In this section, we give necessary and sufficient conditions for a biharmonic 
Lagrangian submanifold in a Kahler manifold. 

Let us recall a fundamental material on a Lagrangian submanifold of a Kahler 
manifold following Chen and Ogiue |10) . 

Let (JV m , J, (•, •)) be a Kahler manifold, where J is the almost complex structure 
and complex dimension 777 and (•, •) the Kahler metric, namely (JU, JV) — (U, V) 
and d$ = 0, where $(J7, V) = (17, JV), (U, V € X(N)) is the fundamental 2-form. 
Let (M m ,g) be a Lagrangian submanifold of a Kahler manifold (N m , J, (•, •)), that 
is, for all x E M, J(T X (M)) C T X M%, where we also denote that J is the almost 
complex structure on M, T X (M) denotes the tangent space of M at x and T X M^ 
the normal space at x. Then, it is well known that the following equations hold: 

V X JY = J{V X Y), (2.1) 

R N {JX, JY) = R N {X, Y), (2.2) 

for vector fields X, Y E X(M), and 

R N {U,V) ■ J= J-R N {U,V), (2.3) 

for vector fileds U, V E X(N). 

To show the biharmonic equations for a Lagrangian submanifold of a Kahler 
manifold, we need the following lemma. 

Lemma 2.1. Let <f> : (M,g) — ¥ (N, {•,•)) be an isometric immersion between Rie- 
mannian manifolds (M,g) and (N, (-,•))• Then it is biharmonic if and only if 



trace g (VA H )+trace g (A viH (-))- X^ 7V (H,e l )e l =0, (2.4) 



N 1 



A ± H + trace s B(A H (-),-)- ^ i? W (H, e,)^ =0, (2.5) 
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where (■) T is the tangential part and (■) ± the normal part. 

Proof. Due to (|1.2p . we have 

VxH = -A H (X) + V^H, 

WV X H = -VyA h (X) - B(Y,An(X)) + V^VJfH - A v _l h F, 

for all vector field, X, Y on M. 
Thus, we have 

m 

AH = -^ {-V et A H (eA - B{ei,A«(ei)) + V^V^H 

-i4 v x H (ei) + A u (V et e t ) - V^ e . e .H} . 

Dividing this into the tangential and normal part, we obtain Lemma 12. II □ 

Then we obtain the following theorem. 

Theorem 2.2. Let [N m , J, (•,•)) be a Kahler manifold of complex dimension m, 
(M m ,g) a Lagrangian submanifold in (N m , J, (■, ■)). Then for an isometric immer- 
sion </> from (M m , g) into (N m , J, (•, •)), it is biharmonic if and only if the following 
two equations hold: 

trace 9 (VA H ) + trace g (A v j_ h (-)) 
- Y^ <trace g (V^.B) - tracc 9 (V X B) (e s , -),H) e % = 0, 



A-LH + trace 9 B (A H (-), ■) + ^ i?ic Ar ( JH, e,) Je, 

1=1 (2.7) 

— JJ Ric(JH, ei)Jei — J trace s A B (jH,.)(-) + mJAn( JH) = 0, 

where Ric and Ric N are the Ricci tensor of (M m ,g) for the Riemannian metric g 
on M m induced from (f> and (N m , (•,•)), respectively. Here, trace g (^v^hC - )) stand 



for 2j^ v x H (ei); and 



so on. 



Proof. The harmonic mean curvature vector H can be described as H = JZ for a 
vector field Z on M. Using (|2"T2"J) and (j2~5j) . we obtain 

m m 

^ (R N (H, ei )e h JX) = J2 (R N (Z, Jei)Jei,X) , 

i=l i=l 

which implies that 

m 771 

J2 (R N (K, ei>i, JX) + Y, (R N (Z, e l )e t ,X) = Ric N (Z, X). 

7 = 1 7=1 
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By Gauss Codazzi equation (|1.4[) , we have 



^(^(H^e^JX) 
=Ric N {Z 1 X) 

{mm m ~\ 

J2 (R(Z, e,)e,, X) + J2 ( B ( Z > e *), B{e h X)) - ]T (B(e«, e«), S(Z, X)) 

(2.8) 

771 

=Ric N (Z, X) - ito^Z, X) - ^(S(Z, e,), B(e,-, X)> + m(H, B(JH, X)) 
= - Ric N (JU, X) + Ric(JH, X) 

m 

+ ^<B(JH, m), B{e u X)) - m(H, B(JH, X)). 
From (|2.8p . we have 

m I m \ 

= J2(j2 RN ( H ' ei ') ei > Je i) Je J ( 2 - 9 ) 

m m 

= ~ ZZ RicN ( JH : e j) Je J + Yl Ric ( JU ' e i) Je i 
3=1 3=1 

m m 

+ Y, (B{.m, ei), B{e i ,e i ))Je i - £ m(H, B(JH, e,)) Je*. 
By (USD, 

m m 

J^ (B(JH,ei),B(ei,ej))Jej = Y ( A B(jn,e,){ei),ej) Je 

i,j=l i,3 = l 



Y ( J ^s(JH, ei )(ei), Jej) J ej (2.10) 



*>j=i 



and 



8=1 

= J trace g A B(JH> .)(-), 



£<H, B(JH, e,)) Je, = £<A H (JH), e^) Je; 



:^(JA H (JH), J ej -)Jej (2.11) 

= JA H (JH). 
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Combining (f23j) . (|2TT0]) and (|27TT|> . we obtain 

(m \ m m 

^2R N (H,ei)eA =-Y2Ric N (JH,e j )Je j +^2Ric(JlI,e j )Je j (2.12) 
i=l J j=l 3=1 

+ J trace g ^4B(jH,-)(-) — mJA^JH). 
BydOD, 

Cm \ m 

J2 R N (H, ei)e t = J2 (R N (K, eifaej) e 3 (2.13) 

771 

= E ((v,t. J B)(e„e l )-(V^ J B)(e J ,e l ),H)e J , 

ij'=l 

Applying Lemma l2.il we obtain the theorem. □ 



3. Biharmonic Lagrangian submanifolds in complex space forms 

In this section, we give necessary and sufficient conditions to be biharmonic for 
Lagrangian submanifolds in Kahler manifolds. 

Let N = N m (Ae) be the complex space form of complex dimension m and con- 
stant holomorphic sectional curvature 4e. The curvature tensor R N is given by 

R N (U,V)W 
= e{{V, W)U - (U, W)V + (W, JV)JU - (W, JU)JV + 2{U, JV}JW}, 

for vector fields U, V, W £ X(N), where (•, •) is the Riemannian metric on A fm (4e) 
and J, the almost complex structure of N m (4e). 

Every simply connected complex space form is holomorphically isometric to ei- 
ther the complex projective space CP m (4e), the complex Euclidean space C m or 
the complex hyperbolic space CH m (4e) according to e > 0, e = 0, e < 0. 

Using Lemma 1 2. 1[ we obtain the following proposition which will be used in the 
next section. 

Proposition 3.1. Let (A r " l (4e), J, (•, •)) be a complex space form of complex di- 
mension m, (M m ,g) a Lagrangian submanifold in (iV m (4e), J, (■, ■)). Then for an 
isometric immersion <fi from M m into (iV ra (4e), J, (•, ■)), it is biharmonic if and only 
*f 

tracc 9 (VA H ) + trace 9 (A v ± (•)) = 0, (3.1) 

A^H + trace gJ B (A H (-), •)-(m + 3)eH = 0. (3.2) 
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Proof. 

m m 

^i? Ar (H,d0( e ,))#(e l ) =e£;{<d0(e 4 ),d0(e 4 ))H- W(e 4 ),H)^(e 4 ) 

8=1 1=1 

+ (#(eO, J#(e;)} JH - (#( ei ), JH) J#( ei ) 
+2<H,J#(e i )>J^(e i )} 

= \ rnR + J2(H, Jd4>(ei))Jdct>(ei) + 2H I 

= (m + 3)eH. 
Using this and Lemma |2~T1 we have the proposition. □ 



4. BlHARMONIC LAGRANGIAN iJ-UMBILICAL SUBMANIFOLDS IN COMPLEX SPACE 

FORMS 

In this section, we classify biharmonic PNMC Lagrangian iJ-umbilical subman- 
ifolds in complex space forms. First, we recall several notions. 

B. Y. Chen introduced the notion of Lagrangian H- umbilical submanifolds [6 : 

Definition 4.1 (|6J. If a Lagrangian submanifold in a Kahler manifold has the 
second fundamental form takes the following: 

J B(ei,ei) = AJei, B(ei,ei) = /xJei, 

[B(ei,ei) = fi,Je l , B(e il e.j) = 0, (i ^ j), i,j = 2,---,m, 

for suitable function A,/x with respect to some a suitable orthonormal frame field 
{ei, • • • , e m } on Af, then it is called to be a Lagrangian H -umbilical submanifold. 

Lagrangian iJ-umbilical submanifolds are the simplest Lagrangian submanifolds 
next to totally geodesic ones. Because it is known that there are no totally umbilical 
Lagrangian submanifolds in a complex space form N m (Ae) with m > 2, we should 
consider 7J-umbilical Lagrangian submanifolds. 

In this case, the harmonic mean curvature vector H can be denoted by 

H= A + (m _ 1)M jei 

TO 

Hereinafter, we put a = — — — — . 

Remark 4.2. The class of Lagrangian H- umbilical submanifolds of the complex 
space forms includes the following interesting submanifolds: 

(1) the Whitney's sphere in the complex Euclidean space ([5]), 

(2) twistor holomorphic Lagrangian surfaces in the complex projective plane([5], [B]). 
Furthermore, Lagrangian iJ-umbilical submanifolds in complex space forms were 
classified (0, [6], [7]). 

B.Y. Chen also introduced PNMC submanifolds (cf. [T], 0): 

Definition 4.3 ([T], [5]). A submanifold M in a Rlemannian manifold is said to 
have parallel normalized mean curvature vector field (PNMC) if it has nowhere zero 
mean curvature and the unit vector field in the direction of the mean curvature 
vector field is parallel in the normal bundle, i.e. 

w)- a (4 - 2) 
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We recall the Legendrian immersion and its fundamental formulas (cf. [T7], [18]'): 

An isometric immersion / : M m — > S 2m+1 is called Legendrean if y/—lf -L 
f(TM) and ($/ t (TM), f*{TM)) = 0, where, $ denote the projection of the com- 
plex structure J on the tangent bundle of S 2m+1 , and (•,•) the inner product on 
C m+1 induced from g . 

Let / : M m — > CP m be a Lagrangian immersion. Then, there exists a Legendrian 
immersion / : M m ->■ S 2m+1 such that / = tt o /. 

Let D be the Levi-Civita connection of C m+1 and B the second fundamental 
form of M m in S 2m+1 . Then we have ir*B = 5 and 

D x y = Vxy + B(x,y)-<x,y)/. (4.3) 

We denote as V ei ej = X^i w j( e i) e ' (*ii = lr " ; m )- Then we have 

Lemma 4.4 ([5] .[16]). Lei M m be an m— dimensional Lagrangian H -umbilical sub- 
manifold in a complex space form. For an orthonormal frame field {e^}™ 1 , we have 

e j X = (2ft-X)u^ei) ) j > 1, (4.4) 

e\n = (A — 2fx)ui l 1 (ei), for all I = 2,---m, (4.5) 

(A-2/iK( ej )=0, Mi>l> (4-6) 

ej /i = 0, j > 1, (4.7) 

A»wj(ei)=0 (4.8) 

/^ 2 (e 2 ) = .-. = ,i<(e m ), (4.9) 

/^i( ej ) = 0, Mi>l. (4.10) 

Proo/. By (V^.B)(ei,ei) = (V£B)(ej,ei) and l|4T)l . we obtain @U - dUS- 
By (V 1 1 S)(e i ,e J ) = (V^.-B)(ei, e,-) and (|iT]) . we obtain gj]) and (j4~8|) . 
By (V^.B)(e i ,e i ) = (V^-B)(e;,e;), (i ^ j > 1), and (|43]l . we obtain g3JJ) and 
(QUI) . ' D 

Then, B. Y. Chen also showed the following: 

Theorem 4.5 (6 ). Let tfi : M m — > CP m (4) be a Lagrangian H -umbilical immer- 
sion with m > 3. If M m contains no open subsets of constant sectional curvature 
> 1, iften, ttp to rigid motions o/CP m (4), is congruent to the immersion given 
the following: 

Let z = (zi, Z2) : / — > 5 (1) C C 2 be an unit speed Legendre curve satisfying 

z"{x)=iX{x)z'{x)-z{x), (4.11) 

for some function X(x), where I is an open interval ofM. or a circle. Assume that 
\z2(x)\ is a positive function. Let I X\ Z2 m\ S m (1) be a Riemannian manifold 
endowed with the metric g — dx 2 + | ^2 1 2 <7o ? where go is the standard metric on 
£m-l(l). Then (j) : I X\z 2 ( x )\ S m - l {l) -> CP m (4), given by 

<t>(x>yi,--' iVm) = Tr(z 1 (x),z 2 {x)y 1 ,--- ,z 2 {x)y m ), (4.12) 

with y\ + ■ • • + y m = 1, defines a Lagrangian H -umbilical immersion with re- 
spect to an orthonormal local frame field ei,--- ,e m with ei = -§-, where /1 = 
lz J x) \2 Re(iz 2 z 2 ), n : S 2m+1 (l) -> CP rn (4) is the Hopf fibration is defined by 



Shun Macta and Hajimc Urakawa 9 

Due to this theorem, we shall classify biharmonic PNMC Lagrangian iJ-umbilical 
submanifolds in complex space forms. We first give necessary and sufficient con- 
ditions for Lagrangian iJ-umbilical submanifolds in complex space forms to be 
biharmonic. 

Lemma 4.6. Let M m be a Lagrangian H -umbilical submanifold in a complex space 
form (7V m (4e), J, (•, •)). Then, M m is biharmonic if and only if 



2A(eia)+a( ei A) + Aa^^(e;) = 0, (4.13) 



2/j,(e j a) + a\uj{(e 1 )=0, j > 1, (4.14) 



^ei( ei a) + a ^ uj{(e t ) 2 + ^ (e.,-a) u^(ej) 

i= 1 *ii— 1 *)J = 1 

+ a{A 2 + (m- l)M 2 -e(m + 3)} = 0, (4.15) 



2^(eja)w^(ej) -a^e* (wf(ej)J 

■ 1 7=1 

m m 

a Y, wi(ei)wf (e 4 ) + a J^ wfteOwftej) = 0. (4.16) 



i=i 



i,J=l i,i=l 



Proof. We shall calculate the tangential part (|3.ip . Using Lemma I4T41 we have 
trace 9 (A v x(-)) =X]" 4 vx j ei ei 

771 771 

777 777 

=A^(e,a)ei +/i^(ejo)ej (4-17) 

7=1 7=2 

777 777 

+ a/Lt^u4(ei)e ; + a^^ wi( e ') e i 
;=2 ;=2 

777 777 777 

=A^(e. 4 a)ei +/i^(e. 4 a)ej + a^2jwi(e/;)ei, 



7=1 7=2 1=2 
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and 

m m 

trace g (VA H ) = ^ V e , (A He J - £ A H (V ei e,) 

i=l i=l 

m m 

i=l i,l=l 



M_1 (4.18) 



= ^^ {(e l a)A Jei e i + aV ei A/ ei eJ - a ^ u>l(ei)Aj ei ei 

i=l 

m 

=A(eia)ei + a(eiA)ei + aX \^ ^i(ei)ei 

i=i 

m ( m 

i=2 I i = l 

m mm 



Z=l i=l i=2 



By P~T7|) and (gHHJ), we have obtain 

f 1 

trace g (V^4h) + trace g (A V i(-)) = < 2A(eia) + a(eiA) + aA>J wj(e/) > e\ 



l ~ 2 J (4.19) 



2J 1 2^(ej-a) + aAa^(ei) ^ e,, 



J=2 



which yields (J4~T3|) and (|4~14|) . 

Next, we shall calculate the normal part (|3.2p . Using Lemma l4~4l we have 



A X H = - ]T V^V^aJeO + ]T V^ ei (aJ ei ) 

i=l i=l 

m m 

= - 1 ^2(e l e l a)Je 1 - ^ J2(e;a)u;;[(e;) Je^- + ae^ (^(e^JeH j 

z— 1 *,? — 1 

m (4-20) 

-a ^ uj{(e l )uj l j (e l )Jei+ }^ u){(ej){eja) Je\ 

m 



and 



trace g £ (A H (-)> = a { x2 + ( m - l )^ 2 } Jd- (4-21) 
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By P~20|l and P~2"Tj) . we obtain 

A- 1 !! + trace g 5 (A H (-), ■)-(m + 3)eH 



rri in in 

+ a {A 2 + (m - l)/i 2 ~ e(m + 3)} j Jei 

mm m 

+ y^| - 2^(eia)a;5;(ei) - a^e; (u^(e,)J 

j=2 i=l i=l 

m m 

-a ^ wi(ej)w/(ei) + a J^ wj(ei)wj(ej)|j r ej, 

which yields (|4~T51 and (gJ^D- □ 

From Lemma 14.61 we obtain the following. 

Lemma 4.7. Let M m be a biharmonic Lagrangian H -umbilical submanifold in a 
complex space form (N m {Ae), J, (■, ■)). Then, we have the following equations: 

2A (eia) + a (e x A) + aX(m - l)fc = 0, (4.22) 

e ja = 0, j > 1, (4.23) 

-ei{eia)+a{m-l)k 2 -(eia) (m-l)k+a {A 2 + (m - l)^ 2 - e(m + 3)} = 0, (4.24) 

ejfc = 0, j > 1, (4.25) 

where, k = w 2 (e 2 ) = • • • = wj"(e m ). 

Proof. First, we shall show /i ^ 0. Assume that /i = 0, then o = -A / 0. By 
Lemma l4~4l we have 

«i(ej) = 0, j = 2,.-.,m. (4.26) 

From P~T3"|) , ei<z = 0. Then, from (|4TT3)l . we obtain 

w?'(ei)=0, j = l,---,m. (4.27) 

Combining (|4T2^|) and P~2T)) . we have 

wi(e J -) = > i,i = l,---,m. (4.28) 

It follows that (R(ei,e l )e l ,ei) = 0. Thus, by (fl~4|) . we have e = 0. By (|4~4|) . we 
have ej-a = 0, (j > 1). From this and (|4. 15[> . we obtain a = 0, which contradicts 
the assumption. 

Thus, we only have to consider the case of \i =/= 0. Then, we have 

o;i(e i ) = 0, i?j, (4.29) 

u; 2 (e 2 ) = ---=<(e m ). (4.30) 

We put k = w 2 (e 2 ) = • • • = cj™(e m ). 

By (jIHO]) . we can denote that the equation P~T3"1) is P~2"2")) . Putting P~2"9")l into 
(|4~T4l) . we obtain ([423]) . From (|4~23|) and (jiTo]) . we have (J4~24]) . Putting (j423|) 
into (|4.16[) , we have 

mm m 

-aj^e^ (ujl(ei)) - a J^ wi(e*)wf(et) -fa J^ a;|(e^)cj^(e/) = 0. 
Thus, form P~2"!)|) we obtain P~2"5|) . D 
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Using these results, we shall classify all the biharmonic PNMC Lagrangian H- 
umbilical submanifolds in complex space forms. 

Theorem 4.8. Let <f> : M m — > (7V m (4e), J, (•, •)) be a Lagrangian H-umbilical 
isometric immersion into a complex space form which has PNMC. Then, cf> is bi- 
harmonic if and only if e — 1 and <fi(M) is congruent to 



^""V^TT 6 ^ 1 '-"'^! 



- 1 xl-Trr*""' \hr—^ x y^ " • > \hrr^^ x y™ I c cpm ( 4 )' ( 4 - 31 ) 



where x, y%, ■ ■ ■ ,y m run through real numbers satisfying y\ + • • • +y m = 1. Here 

_ i / ro+5±V)n 2 +6ro+2l 



Proof. By the assumption 



,_L i H \ _,_ ( aJa 



vi (mJ= v ItJ= ' 

and a ^ 0, we have 

J(Vei) = V^Jei =0. (4.32) 

Thus, we obtain 

n i 

= V ei ei = J2 u i( e i) e i> (» = 1,"-.to). (4.33) 

Therefore, we have 

wi(e i )=0, (»,i = l, ••-,«»). (4.34) 

Especially, we have 

k = w?(ea) = • •• = wr(em) = 0. (4.35) 

By (|4.5p . we obtain 

ei/x = 0. (4.36) 

Thus, [i is constant. Since (i?(e,,ei)ei,e,) = 0, we have 

[i 2 - Xfj, = e. (4.37) 

Thus, A is constant. Therefore, a = — — — — is a non-zero constant, and the 
equation (|4.24j) is 

A 2 + (m - IV 2 - e(m + 3) = 0. (4.38) 

The equation flOS} implies that e > 0. Using (|437|l and (jOSjI . we obtain 

u 2 - 1 
A=^ -, (4.39) 



/ m + 5 ± \/m 2 + 6m + 25 
M = ±y . (4.40) 

When to = 2, let / be a Legendrian immersion such that / = w o f. Using the 
results of Hiepko (cf. [T3], Q2]), there exists a local coordinate system (x, y) on M 
such that the metric is given by g = dx 2 + G(x)dy 2 , for some function G(x) with 
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ei = g|, e 2 = G~ l -§^. By (|4.34[) . we have G = 1, namely, g = dx 2 + dy 2 . From 
this and (|4.3[) . we obtain the following differential equations. 

/** =V=Ta/ b - /, (4.41) 

fxv =^T^f y , (4.42) 

/„„ =V=W* - f. (4.43) 

By (|PTj) . (J4T4^|) and (|Q5jl . we obtain 



/(«) y) = ( c 2 sin Vm 2 + ly + C3 cos Vm 2 + lyj 



-1/xic 



ciV-l- 



Jf p V=T(A-/i)a; 



(4.44) 



> 2 + l 

for some constant vectors c\ , c 2 and C3 in C 3 . Since / is a Legendrian immersion, 
l c i| = vV 2 + lj 1^2 1 = |c 3 | 7= and (q,^-) = (cj, \J-^Cj) =0, (i ^ j). Thus, we 

can choose c\ = {—^/~A.\/ ft 2 + 1, 0, 0), C2 = (0,0, -, 1 ) and c 3 = (0, l ,0). 

^^^ V' i2 + 1 V^ 2+1 

Therefore, we have (|4.31[) . 

When 771 > 2, From p.4p . we have that M contains no open subsets of constant 

sectional curvature bigger than 1. By Theorem 14.51 4> is congruent to (|4.12[) . From 

dSID and 6311), we have (z 1 (x),z 2 (x)) = ^^^ e ~i x , JZ^e^. 

Conversely, by a direct computation, it turns out that the immersion (|4.3ip is a 
biharmonic PNMC Lagrangian immersion. □ 
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